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Abstract Order-reduction is a standard automated approximation technique for computer-
aided design, analysis, and simulation of many classes of systems, from circuits to buildings.
To be used as a sound abstraction for formal verification, a measure of the similarity of
behavior must be formalized and computed, which we develop in a computational way for
a class of asymptotic stable linear systems as the main contributions of this paper. We have
implemented the order-reduction as a sound abstraction process through a source-to-source
model transformation in the HyST tool and use SpaceEx to compute sets of reachable states
to verify properties of the full-order system through analysis of the reduced-order system.
Our experimental results suggest systems with thousand of state variables can be reduced to
systems with tens of state variables such that the order-reduction overapproximation error
is small enough to prove or disprove safety properties of interest using current reachability
analysis tools. Our results illustrate this approach is effective in tackling the state-space
explosion problem for verification of high-dimensional linear systems.

Keywords Abstraction · Model reduction · Order reduction · Verification · Reachability
analysis

1 Introduction

The state-space explosion problem is a fundamental challenge in model checking and
automated formal verification that has received significant attention from the verifica-
tion community. Among many solutions, abstractions based on the concepts of exact and
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approximate simulation and bisimulation relations have proved to be effective approaches
for obtaining smaller state spaces by abstracting away information that is not needed in
the verification process. Such abstractions have been applied broadly to simplify the con-
troller synthesis and safety verification process for complex systems. Exact bisimulation
relation-based abstractions for safety verification and controller synthesis have been inves-
tigated widely in the last decade (Pappas 2003; van der Schaft 2004; Tanner and Pappas
2003; Tabuada and Pappas 2004). In this context, the outputs of the abstract system cap-
ture exactly the outputs of the original system. As pointed out in Girard et al. (2008) and
Girard and Pappas (2007), the term “exact” is not adequate when dealing with continu-
ous and hybrid systems observed over real numbers since there may be numerical errors in
observation, noise, and other imperfections. To obtain an abstraction that guarantees more
robust relationship between systems, approximate bisimulation has been proposed and stud-
ied extensively in recent years (Girard et al. 2008; Girard and Pappas 2007; Julius 2006;
Girard et al. 2006; Islam et al. 2015). The main advantage of this approach is that they allow
a bounded precision δ which describes how “far off” the executions of the abstraction may
be from those of the original system. Then, verifying whether the executions of the orig-
inal system reach an unsafe region U can be reduced to verify whether the executions of
the abstraction (with much lower dimension) reach the δ-neighborhood of the unsafe region
U . Thus, finding an efficient way of computing a tight bound on the precision becomes an
essential task for this approach. The proposed method shows a great benefit when it can
deal both stable and unstable systems. Balanced truncation model reduction, a well-known
technique in control (Antoulas et al. 2001), has recently been applied to obtain abstractions
for formal verification of continuous and hybrid systems (Han and Krogh 2004; Han 2005).
The bounded precision between a system and its abstraction, which is also essential in this
framework, is determined using simulation.

Inspired by the results reported in Girard and Pappas (2007) and Han and Krogh (2004),
in this paper, we discuss and improve the computation frameworks in existing techniques to
make them more applicable to practical high-dimensional systems. The main contribution
of our work is improving the way of computing and using the precision δ. Our method is
shown to be efficient, robust and scalable compared with existing approaches over a set of
practical benchmarks (several to a thousand dimensions). We implement the method as a
model transformation pass within the HyST model transformation tool (Bak et al. 2015)
which enables us to easily apply the techniques and compare results.

The remainder of the paper is organized as follows. Section 2 gives essential definitions
used throughout the paper. Section 3 presents methods to find output abstractions of the
linear time invariant (LTI) systems using the balanced truncation model reduction method.
Section 4 discusses how to verify safety properties for a full-order LTI system using its
output abstraction. Section 5 describes our implementation of the method in a prototype
tool, and presents a number of examples to illustrate and evaluate the benefits of our method.

2 Preliminaries

Consider two asymptotically stable LTI systems:

Mn :
{

ẋ(t) = Ax(t) + Bu(t)

y(t) = Cx(t).
Mk :

{
ẋr (t) = Arxr(t) + Bru(t),

yr (t) = Crxr(t).

where x(t) ∈ R
n, xr(t) ∈ R

k are the system states; y(t) ∈ R
p , yr(t) ∈ R

p are the system
outputs; u(t) is the control input; A ∈ R

n×n, Ar ∈ R
k×k , B ∈ R

n×m, Br ∈ R
k×m and
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C ∈ R
p×n, Cr ∈ R

p×k are system matrices. The initial set of states of Mn and Mk are
respectively denoted by X0(Mn) ⊆ R

n, X0(Mk) ⊆ R
k and the set of control inputs is

denoted by U . We write initial conditions as x(0) ∈ X0(Mn), xr(0) ∈ X0(Mk) and the
control input as u(s) ∈ U,∀s ∈ [0, t]. In this paper, we assume that Mn is observable and
controllable.

Definition 1 Output Abstraction. Mk is called a k-dimensional output abstraction of Mn

with precision δ = [δ1, δ2, . . . , δp]T , denoted asMδ
k , where each δi is a finite positive real if,

for ∀x(0) ∈ X0(Mn) and u ∈ U, ∃xr(0) ∈ X0(Mk) such that, ∀t ≥ 0,
∥∥yi(t) − yi

r (t)
∥∥ ≤ δi ,

1 ≤ i ≤ p where yi(t) is the ith component of the output y at time t , and ‖ · ‖ denotes the
Euclidean norm.

Informally, the output abstraction behaviors, which are defined as the trajectories of the
output over real time intervals, will approximate within δ the behaviors of the full-order
system Mn for all time.

Definition 2 Output Reach Set (Han and Krogh 2004). The output reach sets at a time
instant t and over a time interval [0, tf ], tf ≥ 0 of Mn respectively are:

Rt(Mn) � {y(t, u, x(0))|y(t, u, x(0)) = CeAtx(0) +
∫ t

0
CeA(t−τ)Bu(τ)dτ },

R[0,tf ](Mn) �
⋃

t∈[0,tf ]Rt(Mn), where x(0) ∈ X0(Mn), u(τ ) ∈ U,∀τ ∈ [0, t].

Definition 3 Safety Specification A safety specification S(Mn) of an LTI system Mn for-
malizes the safety requirements for the output y of Mn, and is a predicate over the output y
of Mn. Formally, S(Mn) ⊆ R

p . The dual unsafe specification U(Mn) of the system is also
a predicate over the system output, i.e. U(Mn) ⊆ R

p .

Definition 4 Safety Verification. The time-bounded safety verification problem is to verify
whether the system Mn satisfies a safety specification S(Mn) over an interval of time [0, tf ]
(tf is finite and positive), which is described formally in terms of the output reach set as:

R[0,tf ](Mn) ∩ ¬S(Mn) = ∅ ⇔ Mn � S(Mn),

R[0,tf ](Mn) ∩ ¬S(Mn) �= ∅ ⇔ Mn � S(Mn).

If Mn satisfies S(Mn), then it is safe and we write Mn � S(Mn). If Mn does not satisfy
S(Mn), then it is unsafe and we write Mn � S(Mn). The notation “¬” denotes the logical
negation which corresponds to set complement in the formulas above.

Definition 5 Safety Specification Transformation The safety specification transformation
is the process of finding the corresponding safety (or dually, unsafe) specification for the
output abstraction Mδ

k denoted by S(Mδ
k ) ∈ R

p (and dually U(Mδ
k ) ∈ R

p) from the safety
specification S(Mn) of the full-order system Mn to guarantee the safety relation defined by:

R[0,tf ](Mδ
k ) ∩ ¬S(Mδ

k ) = ∅ ⇒ Mn � S(Mn),

R[0,tf ](Mδ
k ) ∩ U(Mδ

k ) �= ∅ ⇒ Mn � S(Mn).
(1)

The main objective of this paper is to perform the safety verification for high-dimensional
LTI systems using output abstraction and its transformed safety specification to reduce the
computational complexity.
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3 Output abstractions from balanced truncation reduction

The balanced truncation model reduction (BTMR) (Moore 1981) is a well-known method
in control which is used to find a reduced model Mk for an asymptotically stable large scale
linear system Mn so that its output trajectory captures the output trajectory of the original
system within a estimated bounded error under an identity control input. The first step in
BTMR is to implement a balanced transformation x̃(t) = Hx(t), H ∈ R

n×n to transform
Mn to an equivalent balanced system M̃n. The k-order reduced model Mk which is also
asymptotically stable is then obtained by selecting the first k states in the state vector of M̃n

and truncating the other n − k states (i.e. xr = Sx̃(t) = SHx(t), S = (
Ik×k 0k×(n−k)

)
).

The (n + k)-dimensional (asymptotically stable) augmented system M̄n+k is defined by:

˙̄x = Āx̄ + B̄u =
(

Ã 0
0 Ar

)
x̄ +

(
B̃

Br

)
u,

ȳ = C̄x̄ = (
C̃ −Cr

)
x̄,

where x̄ =
(

x̃

xr

)
; Ã, B̃ and C̃ are the matrices of balanced system M̃n.

To derive an output abstraction Mδ
k from the system Mn, we first use BTMR to obtain

the reduced model Mk , and then determine the precision δ which relates not only to the
control input u(t) but also to the initial condition x(0). Determining the precision δ is
equivalent to determining the bounds of the augmented system’s individual outputs. Let
e1(t) = C̄eĀt x̄(0) be the zero input response and e2(t) = ∫ t

0 C̄eĀ(t−τ)B̄u(τ )dτ be the zero
state response. It is easy to see that

∥∥yi(t) − yi
r (t)

∥∥ = ∥∥ȳi (t)
∥∥ ≤ ∥∥ei

1(t)
∥∥ + ∥∥ei

2(t)
∥∥ = δi ,

where hi(t) denotes the ith element of vector h(t).
The following theorems obtain the theoretical bounds for e1(t) and e2(t). The sum of

these two bounds gives us the precision δ.

Theorem 1 Let x̄(0) = (
Hx(0) SHx(0)

)T
, then the zero input response e1(t) of the

asymptotically stable augmented system M̄n+k satisfies the following inequality for all t ∈
R≥0: ∥∥∥ei

1(t)

∥∥∥ ≤ ∥∥C̄i

∥∥ · supx(0)∈X0
‖x̄(0)‖ , 1 ≤ i ≤ p,

where R≥0 is the set of non-negative real numbers, C̄i is the row i of the matrix C̄.

The proof of Theorem 1 is given in Appendix A.1.

Theorem 2 Let x̄(0) = (
Hx(0) SHx(0)

)T
and P0 > 0 is the solution of the following

optimization problem:

P0 = min(trace(P )) subject to

P > 0, ĀT P + P Ā < 0, C̄T
i C̄i ≤ P

where C̄i is the row i of the matrix C̄. Then, the zero input response e1(t) of the asymp-
totically stable augmented system M̄n+k satisfies the following inequality for all t ∈
R≥0: ∥∥∥ei

1(t)

∥∥∥ ≤ supx(0)∈X0

√
x̄(0)T P0x̄(0), 1 ≤ i ≤ p,

The proof of Theorem 2 is given in Appendix A.2.
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Theorem 3 (Han and Krogh 2004; Obinata and Anderson 2012). The error e2 between
the full-order asymptotically stable system Mn and its k-dimensional reduced system Mk

satisfies the following inequality for all t ∈ R≥0:

∥∥∥ei
2(t)

∥∥∥ ≤ (4
∑n

j=k+1
(2j − 1)σj ) · ‖u(t)‖∞ , 1 ≤ i ≤ p,

where σj is the j th Hankel singular value of the systemMn and ‖u(t)‖∞ = supt∈R≥0
‖u(t)‖.

We note that the precision δ can be obtained using different methods all of which
have their advantages and drawbacks. In Han and Krogh (2004), the authors propose a
simulation-based approach to determine δ. To determine the bound of e1, the authors
simulate the full-order system and the reduced system from each vertex in a polyhedral rep-
resentation of the initial set of states. The advantage in using this method is that it gives
a very tight bound of e1 while the drawback is that the number of simulations required
can grow exponentially. For example, if the initial set is a hypercube in 100-dimensions,
we have to simulate the full-order system and its reduced system with 2n = 2100 vertices,
which is infeasible even if each simulation takes little time. The bound of e2 is determined
by integrating the norm of the impulse response of the augmented system via simulation.
This method is especially useful in practice since it gives a tight bound for e2 with only m

simulations, where m is the number of inputs. Alternatively, without separately computing
the bounds of e1 and e2, the precision δ can be calculated by solving a set of LMI optimiza-
tion problems on sets of initial states and inputs (Girard and Pappas 2007). This approach
has advantages when dealing with small and medium-dimensional systems (less than 50
dimensions) and works for both stable and unstable systems. When the system dimension
is large, the error bound obtained is overly conservative and may not be useful.

Exploiting the advantages and overcoming the drawbacks of existing approaches when
dealing with practical systems are the main contributions of our approach. First, we compute
the bounds for e1 and e2 separately, making the computation process more robust and thus
produce less conservative results in comparison with (Girard and Pappas 2007). Second,
Theorems 1 and 2 are proposed to overcome the drawback of simulation-based method (Han
and Krogh 2004) as described above. It should be emphasized that in most circumstances,
our approach can be used to compute the bound of e1 and the simulation-based approach
can be used to determine the bound of e2. This combination is scalable for high-dimensional
systems while still obtaining a good precision δ. Finally, the output abstraction defined
based on individual outputs (yi(t), yi

r (t)) and precisions δi allows us to easily verify the
safety of multi-output systems. Next, we briefly analyze the time complexity in computing
the precision δ to show theoretically the scalability of different methods.

We analyze the complexity of the simulation-based approach (Han and Krogh 2004) in
terms of number of simulations. For an n-dimension system with m inputs and p outputs,
the number of vertices in a polyhedral initial set (in the worst case) is 2n. Therefore, the
number of simulations needed to determine the bound of e1 is 2n. For e2, the number of
simulations needed is m. Consequently, the number of simulations needed is O((2n + m)).
In Girard and Pappas (2007), to determine the precision δ, this method solves two LMIs
and quadratic optimization problems on the sets of initial state and inputs in which the
time complexity for solving two LMI constraints using interior point algorithms can be
estimated by O([(n2 + n)/2]2.75 × 21.5) (Vandenberghe and Boyd 1994; Nesterov et al.
1994) and the time complexity for solving the optimization problem in Girard and Pappas
(2007) using interior point algorithms is O([(n2 + n)/2]3). Overall, the time complexity of
computing the precision is O([(n2 + n)/2]3) + O([(n2 + n)/2]2.75 × 21.5), which can be
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bounded by O(n6). In our approach, it is easy to see that Theorem 1 computation mainly
relates to solving the optimization problem to find supx(0)∈X0

‖x̄(0)‖. The time complexity
for solving this problem using interior point algorithms is O((n + 1)3.5). For Theorem 2,
we first need to solve the eigenvalue problem (EVP) subject to two matrix inequalities that
has time complexity O([((n+ k)2 + n+ k)/2]2.75 × 21.5) if using interior point algorithms.
Then, we need to solve the quadratic optimization problem that has time complexity O((n+
k)3) (using the interior point algorithm). Overall, the time complexity of Theorem 2 can be
bounded by O((n+ k)5.5). The computational cost of Theorem 3 in our approach is smaller
compared to Theorems 1 and 2. Table 1 shows the simplified time complexity analysis
of different approaches. The computation time of these approaches will be measured and
discussed in detail in Section 5.

4 Safety verification with output abstractions

It should be emphasized that first, our approach is different from Han and Krogh (2004)
in the way of using the precision δ where the precision is used to compute the reach set of
the full-order system before using this reach set to verify the safety of the system. In our
approach, the precision is used to obtain the safety specification of the output abstraction
that satisfies the safety relation (1). Then, we verify the safety of the output abstraction to
conclude safety of the original system. It is important to notice from Eq. 1 that it may be the
case that we cannot conclude anything about the safety of the original system using the out-
put abstraction. Second, the output abstraction is different from the approximate abstraction
(Girard and Pappas 2007) which depends on a single precision δ because it is defined based
on individual outputs (yi(t), yi

r (t)) and individual precisions δi . As a result, we can get a
more accurate safety specification transformation based on the individual precisions. This
transformation is convenient for verifying safety in practical multi-output systems where
the magnitudes of element outputs are usually significantly different from each other. Our
safety transformation rules are addressed in the following.

S(Mn) as convex polytopes Assume that the safety specification of the full-order system
is in the following form:

S(Mn) = {y ∈ R
p| Γy + Ψ ≤ 0, Γ = [αij ] ∈ R

q×p, Ψ = [βi] ∈ R
q}, (2)

Lemma 1 Given S(Mn) described by Eq. 2, then S(Mδ
k ) and U(Mδ

k ) defined as follows
guarantee the safety relation (1).

S(Mδ
k ) = {yr ∈ R

p| Γyr + Ψ ≤ 0, Ψ = Ψ + 	},
U(Mδ

k ) = {yr ∈ R
p| Γyr + Ψ > 0, Ψ = Ψ − 	}. (3)

where 	 = [	i] ∈ R
q, 	i = ∑p

j=1|αij |δj .

Table 1 Time complexity of
different methods to compute the
precision δ

(Girard and Pappas 2007) O(n6)

(Han and Krogh 2004) O(2n + m)

Theorem 1 O(n3.5)

Theorem 2 O((n + k)5.5)
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The proof is given in Appendix A.1.

S(Mn) as ellipsoids Assume that the safety specification of the full-order system is
described by an ellipsoid with radius R and centered at a ∈ R

p as:

S(Mn) = {y ∈ R
p| (y − a)T Q(y − a) ≤ R2, a ∈ R

p, R > 0, 0 < Q ∈ R
p×p}, (4)

Since Q is a symmetric matrix, there exists an orthogonal matrix E = [l1, l2, .., lp] =
[γij ] ∈ R

p×p such that ET QE = � = diag(λ1, λ2, ..., λp), where λi (> 0) is eigenvalue
of Q and li is the eigenvector of Q corresponding to λi . The transformed safety and unsafe
specifications of the output abstraction can be obtained using the following lemma.

Lemma 2 Given S(Mn) described by Eq. 4, then S(Mδ
k ) and U(Mδ

k ) defined as follows
guarantee the safety relation (1):

S(Mδ
k ) = {yr ∈ R

p| (yr − a)T Q(yr − a) ≤ (R − 	R)2},
U(Mδ

k ) = {yr ∈ R
p| (yr − a)T Q(yr − a) > (R + 	R)2},

	R =
√∑p

i=1
[λi(

∑p

j=1
|γij |δj )2].

The proof of this result is given in Appendix A.2.
We can see that the transformed safety specification of the output abstraction is also an

ellipsoid (with smaller radius R −	R) located inside the original ellipse defining the safety
specification of the full-order system. Meanwhile the corresponding transformed unsafe
specification is defined by the region outside the larger ellipse with the radius R + 	R .

Lemma 3 Given an asymptotically stable LTI system Mn, whenever its output abstraction
Mδ

k is safe or unsafe, it is sound to claim that the system Mn is safe or unsafe respectively.

Proof According to Section 3, for a stable LTI system Mn, there exists an output abstrac-
tion Mδ

k . We can see that, for any control input u ∈ U and initial state x(0) ∈ X0(Mn),
there is a set of p output trajectories yi, 1 ≤ i ≤ p of Mn. From the definition of the output
abstraction, there exists a corresponding initial state xr(0) ∈ X0(Mk) such that the abstrac-
tion produces a set of p output trajectories yi

r , 1 ≤ i ≤ p in which the distance between
two pair trajectories

∥∥yi − yi
r

∥∥ is always bounded by a sound δi all the time. Moreover from
Lemmas 1 and 2, because the transformed specifications (S(Mδ

k ) and U(Mδ
k )) satisfy the

safety relation (1), thus when the set of p output trajectories yi
r , 1 ≤ i ≤ p of Mδ

k satisfies
the transformed safety specification S(Mδ

k ), its corresponding set of p output trajectories
yi, 1 ≤ i ≤ p of Mn also satisfies the original safety specification S(Mn) all the time. Con-
sequently, when the output abstraction is safe, it is sound to claim that the full-order system
is safe. A similar proof can be given for the unsafe case. This completes the proof.

Remark 1 It is useful to mention that the procedure of safety verification for high-
dimensional linear systems using order-reduction abstraction can be done automatically.
The core issue is checking whether the reach set of the abstraction returned by verification
tools such as SpaceEx is contained inside the transformed safe set. This can be done in two
steps by taking advantages of the existing powerful SMT solvers such as Z3 (De Moura and
Bjørner 2008). First, the transformed safe set can be described by a predicate over the output
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variables. Then, we check whether the predicate is satisfied by all vertices of the returned
reach set from SpaceEx using a SMT solver.

We have studied using output abstraction for safety verification. Next, we evaluate and
compare our approach with others via a set of benchmarks.

5 Case studies and evaluation

To evaluate the order-reduction abstraction method presented in this paper, we have imple-
mented a software prototype that automatically creates output abstractions from full-order
systems and applied it to a set of benchmarks (Chahlaoui and Van Dooren 2005; Frehse
et al. 2011) presented in Table 2. The method is integrated in HyST by callingMatlab related
functions.1

Precision and computation time evaluation The experiments were performed using
Matlab 2014a and SpaceEx (Frehse et al. 2011) on a personal computer with the following
configuration: Intel (R) Core(TM) i7-2677M CPU at 1.80GHz, 4GB RAM, and 64-bit Win-
dow 7. We set the upper limit for Matlab simulation and SpaceEx running time at two hours.
In all experimental result tables, the term of “N/A” stands for not applicable and “OOT”
stands for timeout when the result could not be computed within two hours.

Table 3 presents the precision δ and computation times of the different methods. In the
table, the “mixed bound” column contains the bound of e1 computed by Theorem 2 and the
bound of e2 determined by simulation and the corresponding precision δ. The “theoretical
bound” column contains the bounds of e1 and e2 which are computed using Theorems 1
and 3 respectively. The table shows that, when the initial set of states X0 is close to the
origin, e.g. BM benchmark, the bounds of e1 computed by Theorem 1 are fairly good and
acceptable. However, conservative results are derived when the initial set of states X0 is far
from the origin, e.g. helicopter benchmark. Theorem 3 indicates that the theoretical bound of
e2 depends on Hankel singular values. This can be seen from the PDE benchmark where the
theoretical bounds of e2 for all cases of the output abstraction’s dimension k are very small
due to the fact that the Hankel singular values σk (which are not presented here) of the corre-
sponding balanced system are very small (almost equal to zero) as k ≥ 5. In contrast, in the
helicopter benchmark, the theoretical bound of e2 becomes larger when the lower dimension
output abstraction is obtained. It is small when k = 20 because

∑28
21 σj is small. The theo-

retical bound of e2 becomes conservative as k = 10 since
∑28

11 σj is large. From the results
in the table, we see that for low and medium-dimensional systems (n < 100), the simulation-
based approach (Han and Krogh 2004) gives very tight bounds for the errors, e.g, the motor
control system and helicopter benchmarks. This approach is powerful when dealing with
systems having a small number of vertices in the initial set. When the number of vertices
increases (e.g, PDE benchmark), it is unable to apply the simulation-based approach due to
the number of simulations growing exponentially. The approximate bisimulation approach
(Girard and Pappas 2007) integrated in the Matisse toolbox gives a good precision for the
PDE benchmark but very conservative results for the MCS and Helicopter benchmarks due
to the appearance of ill-conditioned matrices in solving LMI and optimization problems.

1The prototype implementation and SpaceEx model files for the examples evaluated, both before and after
order reduction, are available at: http://verivital.com/hyst/pass-order-reduction/.

http://verivital.com/hyst/pass-order-reduction/
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Combining Theorem 2 and simulation bound of e2 (i.e. mixed bound) is more efficient as it
produces very tight precisions for all benchmarks. In the case of high-dimensional systems
(n > 100), the approximate bisimulation and simulation-based approaches give no result
due to running out of time while our method can still be applied. We can see that Theo-
rem 1 and Theorem 3 have small computation times while Theorem 2 and the approximate
bisimulation approach require much more time to compute the precision.

Table 4 shows the computation cost of the verification process for the full-order bench-
marks and their different output abstractions. The bounded times for running all SpaceEx
models are set at tf = 20s. As shown in the table, although using output abstraction does
not help much to reduce the memory used in verification, it can help to reduce significantly
the computation time. Moreover, output abstraction can be applied to check the safety of
high-dimensional systems (e.g. PDE, ISS and FOM) that cannot be verified directly using
existing verification tools. Next, we consider the whole process of using output abstraction
to verify the safety of the international space station system.

International space station (ISS) Verification for the full-order system with 270 state
variables (denoted by M270) may be difficult for existing verification tools. Our approach
can help to verify safety of such high-dimensional system with a small computation cost.
There are different output abstractions that can be used to verify whether the full-order sys-
tem satisfies its safety requirements. In this paper, a 10-order output abstraction is chosen

Table 4 Computation cost for verification process of the full order original LTI system and its output abstrac-
tions using SpaceEx in which T1 is the time for SpaceEx to compute the reach set of the output abstraction;
T2 is the time for obtaining the output abstraction; “Total Time” column states for the total time of verifica-
tion process for the output abstraction, “Memory” column presents the memory used for computing reach set
which is measure in kilobyte; time is measured in second

Benchmark Full order system Output abstraction

Time(s) Memory(Kb) k T1(s) T2(s) Total time(s) Memory(Kb)

Motor control system 27 3048 5 26 0.92 26.9 3044

4 16.7 0.9 17.6 3044

Helicopter 287 3052 20 206 35 241 3052

16 128 23 151 3048

10 68 13 81 3048

Building model 893 3056 25 237.2 130 367.2 3048

15 82.3 58 140.3 3044

6 19.5 24 43.5 3040

Partial differential equation OOT N/A 30 725.6 1500 2225.6 3048

20 310 890 1200 3048

10 75.2 520 595.2 3040

6 31.9 370 401.9 3040

International space station OOT N/A 25 254.3 11 265.3 3064

10 72.8 12 84.8 3052

FOM model OOT N/A 20 95.4 48 143.4 3048

15 56.2 48 104.2 3044

10 34.8 48 82.8 3040



Discrete Event Dyn Syst (2017) 27:443–461 455

-3 -2 -1 0 1 2

x 10
-3

-2

-1.5

-1

-0.5

0

0.5

1
x 10

-3

y
r
1

y
r
2

Fig. 1 The transformed safety specifications of the 10-order output abstraction of ISS system and the its
projected reachable set on the (yr1 , yr2 ) plane

to check the safety of the full-order system. The precision δ = 10−3 × [0.44, 0.28, 0.3]T
between the full-order system and its 10-order output abstraction (denoted by Mδ

10) is
obtained from the theoretical bound of e1 and the simulation bound of e2. The safety speci-
fication of the full-order ISS system S270 is visualized by the region inside the middle blue
polytope in Fig. 1a. The transformed safety specifications (safe and unsafe specifications) of
the corresponding 10-order output abstraction respectively are the region inside the small-
est blue polytope and the region outside the red polytope. Figures 1b, 2a and b present the
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Fig. 2 The projected transformed safety specifications and reachable set of the 10th-order output abstraction
of ISS system on the (yr2 , yr3 ) and (yr1 , yr3 ) planes
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safety specification transformation and output reach set in the period of time [0, 20s] com-
puted by SpaceEx for the 10-order output abstraction on 2-dimension axes. In the figures,
the regions inside the middle blue polygons are the 2-dimensional projections of the safety
regions of the full-order system. The corresponding projected transformed safety and unsafe
specifications Sδ

10, Uδ
10 of the output abstraction are described by the regions inside the

smallest blue polygons and the regions outside the red polygons respectively. The reach sets
Rδ

ij , i �= j, 1 ≤ i, j ≤ 3 for each pair output (yri , yrj ) of the abstraction Mδ
10 are depicted

by the solid blue regions. As shown in Fig. 1a, the reach set of the abstraction is completely
inside its transformed safe set. Thus, it can be concluded that the full-order systemM270 sat-
isfies the safety requirement S270. Therefore, the full-order system is safe. The conclusion
about the safety of the full-order system can also be given using projection as follows. Due
to the fact that one face of the polytopes defining the transformed safe set is aligned with one
sub-coordinate axes (i.e. yr1Oyr2 ), so for all (i, j), we have Rδ

ij ∩ ¬Sδ
10 = ∅ ⇒ Mδ

10 � Sδ
10.

Consequently, the full-order system is safe. It should be noted that the above relation is not
true in general because we cannot conclude a set is a subset of another set by considering
the relations of their projections on all sub-coordinate axes. The conclusion about safety of
the ISS system is a special case as one face of the safe set is aligned with one sub-coordinate
axes.

6 Conclusion and future work

We have proposed an approach to verify safety specifications for high-dimensional lin-
ear systems by verifying transformed safety specifications of a lower-dimensional output
abstraction using existing hybrid system verification tools. By reducing the dimensionality,
our method significantly reduces the time of reachability computations in the verification
process.

There are two interesting directions for future work. First, the proposed method which
only deals with stable linear systems can be extended for unstable linear systems. Second,
our approach can also be extended to more general hybrid systems. The main idea is that the
states in each location that are related to guards/invariants need to be declared as the out-
puts of that location. Then, the output abstraction for each location can be obtained. A new
hybrid system is then constructed based on these output abstractions. he guards/invariants
of the new hybrid system are obtained by transforming the former guards/invariants of
the original hybrid system in the same manner of safety specifications transformation pro-
posed in this paper. This approach may benefit from other notions of “similarity” between
behaviors (executions) of systems such as discrepancy functions (Duggirala et al. 2013), or
conformance degree (Abbas et al. 2014).
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Appendix A

A.1 Proof of Theorem 1

Consider the uncontrolled augmented system ˙̄x = Āx̄, we have, d(x̄T x̄)/dt = x̄T (Ā +
ĀT )x̄. It is easy to see that the controllability grammian and the observability grammian
of the augmented system are the same (denoted as 
̄): Ā
̄ + 
̄ĀT + B̄B̄T = 0 and
ĀT 
̄ + 
̄Ā + C̄T C̄ = 0. Combining two equations yields: (Ā + ĀT )
̄ + 
̄(Ā + ĀT ) =
−B̄B̄T − C̄T C̄. This Lyapunov equation implies that the real parts of all eigenvalues of
Ā+ĀT are necessarily non-positive. Because Ā+ĀT is symmetric, its eigenvalues are real.
Thus, these eigenvalues are either negative or zero. Note that Ā is asymptotically stable,
hence x̄T (t)x̄(t) → 0 when t → ∞ with all the initial state x̄(0). Combine all, we can
conclude that x̄T (t)x̄(t) is monotonically converge to zero for any initial state x̄(0). Using
the monotonic convergent property, the bound of the error e1 satisfies:

∥∥ei
1(t)

∥∥ = ∥∥C̄i x̄
∥∥ ≤∥∥C̄i

∥∥ ‖x̄‖ ≤ ∥∥C̄i

∥∥ ‖x̄(0)‖ ≤ ∥∥C̄i

∥∥ · supx(0)∈X0
‖x̄(0)‖.

A.2 Proof of Theorem 2

Consider the uncontrolled augmented system (i.e. u = 0), let V (x̄(t)) = x̄(t)T P x̄(t), we
have V̇ (x̄(t)) = x̄(t)T (ĀT P+P Ā)x̄(t). Assume P0 is the solution of the optimization prob-
lem in Theorem 2. Because of (ĀT P0+P0Ā) < 0, then V (x̄(t)) < V (x̄(0) = x̄(0)T P0x̄(0).
Note that

∥∥ei
1(t)

∥∥2 = x̄T C̄T
i C̄i x̄, 1 ≤ i ≤ p. Since we also have C̄T

i C̄i ≤ P0, the bound of

the error satisfies
∥∥ei

1(t)
∥∥ ≤ √

x̄(0)T P0x̄(0).

A.3 Proof of Lemma 1

From the definition of output abstraction, we have:

αij yrj − |αij |δj ≤ αij yj ≤ αij yrj + |αij |δj ⇒ Γyr + Ψ 2 ≤ Γy + Ψ ≤ Γyr + Ψ 1.

Thus, S(Mδ
k ) andU(Mδ

k ) defined by Eq. 3 satisfy the safety relation (1), which completes
the proof.

A.3.1 Proof of Lemma 2

Let ȳ = E(y − a), ȳr = E(yr − a). We have:

(y − a)T Q(y − a) = ȳT �ȳ =
∑p

i=1
λi ȳ

2
i ,

(yr − a)T Q(yr − a) = ȳT
r �ȳr =

∑p

i=1
λi ȳ

2
ri
. (5)

From the definition of output abstraction (Definition 1), it is easy to see that:

− δ̄i ≤ ȳi − ȳri = E(i, :)(y − yr) ≤ δ̄i , δ̄i =
∑p

j=1
|γij |δj . (6)
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Using Eq. 6 and the Cauchy-Schwarz inequality yields:

∑p

i=1
λi(ȳi − ȳri )

2 ≤ 	2
R =

∑p

i=1
λi δ̄

2
i ,

∑p

i=1
2λi ȳri (ȳi − ȳri ) ≤ 2	R

√∑p

i=1
λi ȳ2

ri
,

∑p

i=1
2λi ȳi(ȳri − ȳi ) ≤ 2	R

√∑p

i=1
λi ȳ

2
i . (7)

From Eq. 7, the following inequalities are true:

∑p

i=1
λi ȳ

2
i ≤

(√∑p

i=1
λi ȳ2

ri
+ 	R

)2

,
∑p

i=1
λi ȳ

2
ri

≤
(√∑p

i=1
λi ȳ

2
i + 	R

)2

. (8)

From Eqs. 5 and 8, we have:

√
(y − a)T Q(y − a) ≤

√
(yr − a)T Q(yr − a) + 	R,√

(y − a)T Q(y − a) ≥
√

(yr − a)T Q(yr − a) − 	R. (9)

Using Eq. 9, we can conclude that S(Mδ
k ) and S(Mδ

k ) defined in Lemma 2
satisfy the safety relation (1), which completes the proof.
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